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Abstract

Analytical expressions for the total magnetic energy of two characteristic internal configurations of nanometric tubes are calculated. A

magnetic phase diagram with respect to the aspect ratio of the tubes is obtained which allows a discussion about the possibility of getting

ensembles of nanotubes with low coercive fields. A comparison with recently reported coercive fields of three different cobalt nanotube

arrays agrees well with the phase diagram derived here.

r 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, a great deal of attention has been
focused on the study of regular arrays of magnetic
particles. Besides the basic scientific interest in the magnetic
properties of these systems, there is evidence that they
might be used in the production of new magnetic devices,
or as media for high density magnetic recording [1]. One of
the main points in the study of such systems concerns the
internal magnetic structure of the nanoparticles as a
function of their shape and size. For example, in the case
of cylindrically shaped particles produced by electrodepo-
sition, the internal arrangements of the magnetic moments
have been identified as close to one of the following three
(idealized) characteristic configurations, namely perpendi-
cular with the magnetization perpendicular to the cylinder
axis (F1), parallel with the magnetization parallel to the
cylinder axis (F2), and a vortex state, in which most of the
magnetic moments lie parallel to the basis of the cylinder
(V) [2,3]. The occurrence of each of these configurations
depends on geometrical factors, such as the linear
dimensions of the cylinders and their aspect ratio. Clearly,
for the development of magnetic devices based on those

arrays, knowledge of the internal magnetic structure of the
particles is of fundamental importance. Very recently [4],
the synthesis of arrays of composite magnetic nanotubes
formed in porous alumina has been reported. The thin-
walled cobalt nanotubes are coated with a polymer layer on
their inner walls. The composite nature of the magnetic
tubes may be suitable for applications in biotechnology,
where magnetic nanostructures with low density, which can
float in solutions, are very desirable. In the leading paper
by Nielsch et al. [4] three different aspect ratios are
considered, showing different behaviors, which encourage
a study about the possible magnetic phases or configura-
tions in the nanotubes. Due to the very narrow hysteresis
loops that are obtained, such phases are not easily
identifiable from magnetization curves, and then a
theoretical or numerical study can shine light on this
problem.
A theoretical study based on a discrete distribution of

magnetic moments would be extremely time consuming or
eventually impossible using present standard computa-
tional facilities. The reason is the exceedingly large number
of magnetic moments within such nanotubes, which may
exceed 1010. With this in mind, in this paper we adopt a
continuous model for the internal magnetic structure of the
particles, on the basis of which analytical results for the
total energy in each configuration can be obtained. We will
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present an analytical expression for the line separating the
vortex from a parallel phase, as a function of geometrical
parameters.

2. Continuous magnetization model

We adopt a simplified description of the system, in which
the discrete distribution of magnetic moments is replaced
by a continuous one characterized by the magnetization
M
!
ð~rÞ, such that M

!
ð~rÞdV gives the total magnetic moment

within the element of volume dV centered at ~r. This model
provides a fairly good basis for the discussion of the
magnetic properties of nanosized particles.

The internal magnetic energy, Etot, of a single tube is
given by the sum of three terms corresponding to the
magnetostatic (Edip), the exchange (Eex), and the aniso-
tropy (EK) contributions. Our model does not consider
crystallographic anisotropy which is appropriate for
polycrystalline systems. In polycrystalline particles usually
the crystallographic orientations of the crystallites are
random and, as a consequence, the average magnetic
anisotropy of the particle is very small. Then it is usually
disregarded [5,6]. Because the nanotubes motivating this
work are polycrystalline [4] we will not consider anisotropy
in our model. Additionally, we have to recall that in these
systems the main anisotropy is the shape anisotropy
originating in the dipolar interactions within the tube.
The dipolar contribution can be obtained from the
knowledge of the magnetization, namely:

Edip ¼
m0
2

Z
V

M
!
ð~rÞ � rUð~rÞdv, (1)

where the magnetostatic potential is given by

Uð~rÞ ¼
gB
4p

Z
S

bn0 �M!ð~r0Þ
j~r�~r0j

ds0 �
gB
4p

Z
V

r �M
!
ð~r0Þ

j~r�~r0j
dv0. (2)

In the previous expression, the first integral runs over the
surface of the nanotube, while the second term integrates
over the volume, with bn0 a unit vector successively
perpendicular to each of the four portions of the surface.
Here gB is the Brown factor [7], namely, 1 in the International
System of units, which we adopt from now on. The
geometrical parameters defining the cylindrical nanotube
are the following: height (or length) H; external radius R;
internal radius a; ratios b ¼ a=R and g ¼ H=R. Thus the full
cylinder condition corresponds to b ¼ 0:0 while our interest is
focused on systems defined by b close to 1:0.

Assuming that the magnetization varies slowly on the
scale of the lattice parameter, the exchange energy of the
particle can be added by means of the following expression
[7]:

Eex ¼ A

Z
V

ððrmxÞ
2
þ ðrmyÞ

2
þ ðrmzÞ

2
Þdv, (3)

where mi ¼Mi=M0 is the normalized component of the
magnetization with respect to the saturation magnetization
M0; A is the stiffness constant of the material, which is

proportional to the exchange constant between pairs of
magnetic atoms. We are leaving out of the right-hand side
a constant term which is independent of the magnetic
configuration [7].
To go on with the calculations we need to make

assumptions on the nature of possible magnetization
configurations discussed in the introduction. For long
nanowires (gb1), the F1 phase is not present [8], a result
that holds for nanotubes also [9]. For the F2 parallel phase,
from now on just F, we can make the assumption of
homogeneity, namely, M

!
ð~rÞ ¼M0ẑ with ẑ a unit vector

parallel to the axis of the nanotube.
For the vortex configuration, V, we assume that the

magnetization has the general form (including a magnetic
core)

M
!
ð~rÞ ¼MzðrÞẑþMfðrÞf̂, (4)

where ẑ and f̂ are unit vectors in cylindrical coordinates,
and Mz (component responsible for the core magnetiza-
tion) and Mf (component giving the true vortex magne-
tization) satisfy the relation M2

z þM2
f ¼M2

0.
The question arises whether a core exists for a cylinder

with sufficiently large inner radius. In order to clarify this
point micromagnetic simulations of the state of minimum
energy have been computed by means of the OOMMF
package [10]. To mimic experimental results [4] we used the
following parameters for hcp cobalt [11] in the reported
nanotubes: M0 ¼ 1:4� 106 A=m, stiffness constant A ¼

1� 10�11 J=m and choose cubic cells of 4:0� 4:0�
10:0 nm3. Simulations were done for different b values
and we found that for tubes with thin walls the core
becomes negligible. In Fig. 1 we present the results of two
simulations: (a) for b ¼ 0:1, and (b) for b ¼ 0:3. Arrows
represent the f component of the magnetization; then, a
short arrow in this diagram means that there is a
magnetization component along the z direction thus
producing a core. For b ¼ 0:1 the ratio Mz=M0 ¼ 0:11,
while for b ¼ 0:3, Mz=M0 � 10�6. From these results we
can conclude that, generally speaking, for b40:3 the core
can be safely disregarded. Since the experimental work
considered very narrow tubes (b close to 1.0), we will
neglect the effect of the core from now on. In such case

M
!
ð~rÞ ¼M0f̂. (5)

We then look at the total energy of both configurations
under consideration, F and V, from which the magnetic
phase diagram can be obtained. The transition line is
obtained upon equating the expressions for the energy in
both configurations. We restrict our discussion to arrays in
which the separation between tubes is sufficiently large for
the interaction between them to be ignored.

2.1. Parallel configuration

From Eqs. (1) and (2) and by expanding jr� r0j�1 we can
obtain the following expression for the dipolar contribu-
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tion to the energy in the parallel configuration

EF
dip ¼ pm0M2

0R3

Z 1
0

1� e�gy

y2
ðJ1ðyÞ � bJ1ðbyÞÞ2 dy. (6)

In this expression J1ðzÞ are Bessel functions of first order
and first kind. Some terms in this equation can be
expressed as hypergeometric functions and one term
requires numerical calculation for its evaluation.

From Eq. (3) it follows that EF
ex ¼ 0.

2.2. Vortex configuration

The dipolar energy in the vortex configuration is equal to
zero as it follows by evaluation of Eq (2). Upon combining
Eqs. (3) and (5) we find

EV
ex ¼ 2pHA ln

1

b
. (7)

In Fig. 2, we illustrate the reduced energy of both
configurations, vortex and parallel, as a function of b for
H=Lx ¼ 5000 and R=Lx ¼ 25, being Lx the exchange

length of the material defined by Lx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2A=m0M2

0

q
. These

dimensions are representative of the experimental points
a; b and c illustrated in Fig. 3. For these nanotube
parameters we note that there are two transition points
corresponding approximately to b � 0:4 and b � 0:68.
Within these two values, the vortex state is preferred. If we
slightly diminish the radius, the two transition points
collapse in one corresponding to b � 0:55. For smaller
values of R=Lx no transition point is found, and only the
parallel state is the most stable.

2.3. Phase diagram and discussion

To obtain an expression for the transition line separating
the parallel phase from the vortex phase we match the

expressions for the energy of these two configurations
given by Eqs. (6) and (7), respectively. This leads to the
following condition:

h

r3
¼

1

ln 1=b

Z 1
0

1� e�gy

y2
ðJ1ðyÞ � bJ1ðbyÞÞ2 dy, (8)

where h � H=Lx and r � R=Lx. The argument of the
integral of Eq. (8) tends to zero as y! 0, which allows to
neglect the term e�gy in the numerator, since it would be
important only around y ¼ 0:0. This is especially rein-
forced for the large values of g under consideration. Then
we bring out approximate analytical expressions for the
transition condition in terms of the ratio b of the nanotube:

h

r3
¼

1

ln 1=b
4

3p
ð1þ b3Þ � b2F21½b�

� �
� aðbÞ, (9)

ARTICLE IN PRESS

Fig. 1. Snapshots of the magnetization along a plane perpendicular to the tube axis. The size of the arrows gives the magnitude of the component of the in-

plane magnetization. The nanotube is defined by R ¼ 52 nm, H ¼ 700nm and (a) b ¼ 0:1 ðMz=M0 ¼ 0:11Þ, and (b) b ¼ 0:3 ðMz=M0 � 10�6Þ.

Fig. 2. Magnetic energy of the parallel (circles) and vortex (triangles)

configurations of a tube in units of m0M2
0L3

x, as a function of b. The
dimensions of the tube are H=Lx ¼ 5000 and R=Lx ¼ 25. Inset shows

results for same H=Lx and R=Lx ¼ 24:47.
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where F21½b� ¼ F21½�
1
2
; 1
2
; 2; b2� is a hypergeometric func-

tion. Upon numerically solving Eq. (8) for different b
values we obtained solutions defining aðbÞ.

The plot of this analytic expression goes over the points
obtained by numerical solution of Eq. (8). In Fig. 3, we
present the transition lines for different values of b, for the
non-core condition, obtained from Eq. (9). To the left of
each line parallel F state prevails while to the right of the
same line the vortex V configuration is more stable.
Labelled dots a; b and c in Fig. 3 correspond to the cases
of the three hysteresis curves reported in the experimental
paper by Nielsch et al. [4] defined by (a) R ¼ 90 nm,
H ¼ 60 mm; (b) R ¼ 180 nm, H ¼ 60mm; (c) R ¼ 260 nm,
H ¼ 12 mm. These radii must be corrected for the oxidation
of the tubes. Since CoO is antiferromagnetic the oxide
coating does not contribute to the total magnetization.
After taking into account the oxide wall data given in the
experimental paper the corresponding b values for samples
(a), (b) and (c) are 0.983, 0.994 and 0.993, respectively. This
last case (short dotted lines) corresponds to the tube with
the largest diameter and is inside the V phase and should
have a smaller coercive field. On the contrary (a) is well
inside the F phase and should have a larger coercive field.
These qualitative observations are in good agreement with
the measurements performed by Nielsch et al. [4].

Function aðbÞ is plotted in Fig. 4. Care must be applied
in the limits of the interval for b. In particular, when b goes
to 1.0 we deal with extremely narrow nanotubes, where
eventual surface roughness and thickness irregularities of
the nanotubes become important. On the other side, when
b! 0 we are approaching the limit of a solid cylinder,
where the core becomes important and must be considered
to get the solution. Fortunately, a recent study considered
the effect of the magnetic core in the case of magnetic

nanocylinders for the vortex state [8]. Then, and using the
approximation gb1, we can estimate the value of
að0Þ ¼ 0:179, which is shown as a dot on the ordinate axis
of Fig. 4. The departure of our treatment from the exact
one in this limit allows us to think that the actual curve for
aðbÞ begins to depart slightly from the one drawn in Fig. 4
at about b ¼ 0:3, converging to the value given by the dot
as b! 0:0.
The condition for the vortex state is maximized for

b ¼ b� ¼ 0:546, i.e. for this value of b the vortex region in
the parameter space increases (see Fig. 3). It is interesting
to note that the vortex condition weakens from this point
on, both for thicker and thinner nanotubes, although due
to different reasons. For thick nanotubes (bob�), the
amount of magnetic material along the z-axis imposes a
parallel state along that direction pretty much in the same
way it occurs for solid cylinders [8]. For thin nanotubes
(b4b�), the long-range dipolar interaction leading to the
vortex state weakens substantially within the planes
perpendicular to the z-axis thus facilitating the parallel
ordering imposed by dipolar and exchange interactions
along the nanotube. However, the curve is non-symmetric,
and it will be even more so when the core is considered.
This means that the best condition to have magnetic
nanotubes with low coercive fields and large remanent
magnetization is for long and very narrow nanotubes. We
have to recall that this treatment is valid for non-
interacting nanotubes.

3. Concluding remarks

Of the three possible configurations for magnetic phases
in nanotubes, the one with magnetization perpendicular to
the axis (F1) is out of consideration because of the
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Fig. 3. Magnetic phase diagrams of non-interacting nanotubes for

different values of b within the range ½0:50; 0:993�. The dimensions of

the tube, H and R, are normalized to the exchange length Lx.

Experimental points a; b and c are discussed in the text.

Fig. 4. Function aðbÞ defining the transition condition from the phase

diagram of a long nanotube (gb1). The black dot on the ordinate axis

represents the exact solution considering the core, that is neglected in the

solution given by the continuous curve. The dotted portion here represents

the region where deviations due the effect of the core have a progressive

effect towards b ¼ 0:0.
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dimensions of nanotubes reported so far in the literature.
Then, there is a competition between a parallel state with
magnetization along the axis (F2 ¼ F ) and a vortex state
with magnetic moments perpendicular to the axis (V). The
equilibrium condition for these two phases is studied in
terms of the geometrical aspects of the particle (normalized
to the exchange length Lx): outer radius r ¼ R=Lx in the
abscissa and length (h ¼ H=Lx) in the ordinate, using the
ratio of inner to outer radius (b) as a variation parameter.
The result is a line that grows faster with r than with h.
The law reproducing this behavior is simply h ¼ aðbÞr3,
where the function aðbÞ can be found from Eq. (9). This
exercise leads to the conclusion that there is an optimum
for the existence of a vortex state, i.e., the maximum value
of a. Within this core-free model, the aðbÞ function exhibits
a maximum for b ¼ b� ¼ 0:546. This represents an optimal
situation in the case that low coercive fields are sought. As
b departs from b� the vortex condition weakens and
coercive fields increase.
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