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The single-particle electronic spectra of semiconductor self-assembled quantum rings are theoretically ana-
lyzed. We studied two different models for the lateral confining potential: the displaced parabola(Hill ) and the
centrifugal-like core(Volcano). The corresponding energy levels are systematically analyzed as a function both
of the ring radius, and external magnetic fields perpendicular to the ring plane. The one-electron ground state
of the Hill potential presents an absolute minimum when studied as a function of the ring radius. Numerically
exact and approximate solutions are compared for the case of the Hill ring. Each one of the two ring models
leads to a characteristic level crossing pattern in the presence of a perpendicular magnetic field, which can be
used to identify which of both models is more suitable to fit one-electron spectroscopic data. The electronic
spectrum of elliptical Hill rings, with broken azimuthal symmetry, is also presented. It is found that the Hill
confinement potential provides a more suitable theoretical description of nanoscopic semiconductor self-
assembled rings than the Volcano confinement.
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I. INTRODUCTION

The ring geometry has long been a useful tool for the
observation of interference effects in electron trajectories,
i.e., quantum effects.1 Submicron-diameter man-made metal-
lic rings have been available for a while and a large number
of ground-breaking experiments have been made on them,
studying their magnetic and transport properties.2 These
studies have been carried out in the mesoscopic range, where
scattering still influences the phase coherent transport and a
large (macroscopic) number of electrons are present.

Recently, semiconductor ring samples in the quantum
confined regime have been fabricated on AlGaAsuGaAs
heterostructures containing a two-dimensional electron gas
(2DEG).3,4 Using an atomic force microscope to apply a
voltage between the tip and the 2DEG, the electron gas can
be permanently depleted below the biased regions. This al-
lows the “writing” of heterostructures at the scale of hun-
dreds of nanometers, resulting in rings with about 200 elec-
trons. Through magnetotransport experiments in the
Coulomb blockade regime on these rings many microscopic
features of the energy spectra were obtained, in spite of the
still large number of electrons filling the available quantum-
ring states.

More recently, but using a different fabrication procedure,
two-dimensional(2D) self-assembled InAs semiconductor
rings have been obtained in the nanoscopic range, providing
spectroscopic data in the scatter-free, few-electrons limit.5

Spectroscopic techniques were used to investigate both the
ground state and the excitations of these rings, by changing
the number of electrons and by application of external(typi-
cally magnetic) fields.6

Although a detailed study of the electron-electron interac-
tion in the two-, three-, and few-electron cases will be the
most interesting theoretical features of these rings, the analy-
sis of the one-body confinement is a necessary first step. The

present contribution aims at analyzing the electronic struc-
ture of single occupied rings, and by comparison with ex-
periments at determining which of the available theoretical
models used to represent the ring confinement is more suit-
able. The main conclusion of the present work is that the
displaced parabola is a better theoretical model for the lateral
confinement of semiconductor self-assembled rings than the
centrifugal-like core potential.

The rest of the paper is organized as follows. In Sec. II we
introduce the analyzed ring-confining potentials and explain
the analytical and numerical methods that we use for the
solution of the one-particle problem. In Sec. III we provide
the results in three different situations: zero magnetic field,
nonzero magnetic field, and rings with broken azimuthal
symmetry. In Sec. IV we provide a fitting to a particular set
of experimental data on self-assembled semiconductor quan-
tum rings, using the Hill confinement potential. Section V
presents the conclusions. We include also an Appendix with
some important remarks on ladder operators.

II. METHOD AND ANALYZED POTENTIALS

In the semiconductor ring samples discussed in the Intro-
duction, the movement of the electrons along the growth
direction (the z axis) is “frozen” in the ground state of the
strong epitaxial potential which builds up along this direc-
tion. Therefore, one is left to deal with the dynamics of the
electrons in thexy plane: the 2D electron gas. The lateral
confining potentials are typically much smaller than the epi-
taxial potential, and experiments usually involve transitions
between lateral states.

In order to resolve the low-energy properties of nonana-
lytically solvable ring potentials we use a standard method:
We evaluate the matrix elements of the given potential on the
basis of the 2D-quantum Dot potential, i.e., the 2D-harmonic
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oscillator.7 We then diagonalize numerically the correspond-
ing matrix Hamiltonian, using a basis as large as necessary to
obtain a given accuracy. By default we use a 256 states basis
for eachm subspace, this basis can be doubled as many times
as needed. The allowed orbitals for the ring potential are thus
obtained as a linear combination of the Dot orbitals.

For the quantum Dot potential1
2kr2, in the presence of a

magnetic fieldB perpendicular to the plane of the dot(with
the vector potential in the symmetric gaugeA = 1

2Bfy,−x,0g)
the electron(charge −e, massme

*) eigenfunctions in the polar
coordinatessr ,wd real-space representation are classified by
their radial n=0,1,2, . . ., andazimuthal m=0, ±1, ±2, . . .,
quantum numbers, and are given by

Cn,m
D =

1
Îplv

spumu
n d1/2eimwxumu/2e−x/2Ln

umusxd, s1d

with eigenvalues

En,m
D = "vofs2n + 1 + umudÎ1 + b2 − mbg, s2d

the well-known Fock-Darwin spectrum.8,9

In these equationsvo=Îk/me
* is the characteristic Dot fre-

quency of the lateral confinement,b is the ratio of the cyclo-
tronic frequency to twice the Dot frequency(b=vB/2vo,
vB=eB/me

*c). The perpendicular magnetic field also renor-
malizes the frequencyv=vo

Î1+b2 and the characteristic
length lv=lo

Îvo/v=lo/ s1+b2d1/4, wherelo;Î" /me
*vo is

the zero-field characteristic length of the Dot potential. In the
orbital equation,Ln

umu are the generalized Laguerre polynomi-
als, pumu

n ;n! / sn+ umud! and x=sr /lvd2. These orbitals de-
pend on the magnetic field through the renormalized length
lv.

We use these results of the Dot potential to set the energy,
length, and magnetic field scales for the rest of the paper;
they are, respectively,"vo, lo, and 2cme

*vo/e=Fo/plo
2.

Note that, in these units, the “renormalized” magnetic fieldb
can be interpreted as the number of flux quantaFo=ch/e
threading a circle of radiuslo sb=Bplo

2/Fod. In the self-
assembled rings for which this study is intented,5 "vo is of
the order of 10 meV,lo,100 Å (ten nanometers), and fields
of several tesla can be applied to the samples, which implies
values ofb up to a few units.

Thesenm-Dot orbitals can also be expressed in different
representations10 (see, for example, the Appendix), and the
matrix elements of nonanalytically solvable potentials can
usually be found easily. Matrix elements of many-body ef-
fects (like the Coulomb interaction) can also be explicitly
calculated.11

We compare here two possible ringlike confining poten-
tials: the displaced parabola(“Hill” )7

VHsrd =
1

2
sr − rod2, s3d

and the “centrifugal core”(“Volcano”)12,13

VVsrd =
1

2
sr − ro

2/rd2. s4d

As quoted above, energies are in units"vo and lengths in
units oflo. The position of the minimum of the potentialsrod
is defined as the radius of the ring. Both the Hill and the
Volcano potentials reduce to the Dot in thero→0 limit.

The Volcano potential is an exactly solvable model:12 The
repulsive coref,sro

2/rd2g adds to the centrifugal potential
f,sm/rd2g to give an “effective” angular momentumM
=Îm2+ro

4, which has a finite value even for zero angular-
momentum states,M =ro

2 for m=0. The eigenstates of the
Volcano potential are also given by Eq.(1), but with umu
replaced byM everywhere. These Volcano orbitals depend
on ro through M, the renormalized “angular momentum.”
This introduces the effect of the repulsive core of the Vol-
cano in their radial distribution. Note therM factor: These
orbitals vanish at the origin even form=0.

The corresponding energies are

En,m
V = fs2n + 1 +MdÎ1 + b2 − mb− ro

2g s5d

very similar to the Fock-Darwin expression[Eq. (2)]. There
is, however, an important difference: The crossing of energy
levels as a function of the applied magnetic field is already
embodied in it. This is a typical feature of multiple con-
nected geometries, such as rings.

The eigenvalues and eigenfunctions of the Hill potential
should be obtained numerically. We do this in the following
sections, where their properties are also compared with those
of the Volcano potential. For large values ofro (@1, near the
2D-wire limit) we use the modified basis of an 1D-harmonic
oscillator, best suited for this situation.14

III. RESULTS

A. Zero magnetic field

First, let us analyze the energy levels of the Hill and Vol-
cano potentials as a function ofro at zero applied magnetic
field. Rotational symmetry is preserved, and thus the matrix
for the ring Hamiltonian is block diagonal, with one block
for each value ofm.

Figure 1 shows that forro@1 the eigenvalues of both
potentials tend to those of a straight 2D-wire, i.e., asn
+1/2d term corresponding to the 1D parabolic potential rep-
resenting the confinement across the wire plus a free particle
band for the dynamics along the wire. Each band corre-
sponds to a given value ofn, and all values ofm. In this limit
the effective frequency for the Volcano is twice the Hill fre-
quency: expanded aroundro the Volcano potential is four
times stronger than the Hill potential,

sr − ro
2/rd2 = 4sr − rod2 + Osr − rod3,

for roÞ0; and accordingly, the limiting value for the con-
finement frequency across the wire for the Volcano case is
twice the corresponding Hill one.

The ground state(GS) of the Volcano(and all its m=0
states) does not depend onro. This is not the case for the Hill
potential: The lowest eigenvaluesn=0,m=0d goes from 1 to
1/2 as ro increases, with an absolute minimumsE0,0

H

.0.431d at ro.1.523. A similar behavior can be observed
for all the m=0 eigenvalues of the Hill potential, although
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the minimum becomes less pronounced asm increases. As
soon asro increases from zero, the leading effect on the
orbitals of the Hill potential is equivalent to that of an effec-
tive wider (softer) dot. Them=0 orbitals (for the different
values ofn) take full advantage of this situation, and the
corresponding energies have an absolute minimum as a func-
tion of ro. For themÞ0 orbitals, as well as for the Volcano
potential, the centrifugal term of the Hamiltonian precludes
this effect, and the corresponding energies monotonically de-
crease from their values atro=0 (Dot limit) to their values at
ro@1 (2D-wire limit).

Different approaches can be used to further analyze these
minima. In order to check also the power of the numerical
method we first use a minimal Dot basis to evaluate the GS
of the Hill potential for values ofro near zero: we just take
the two first Dot eigenfunctions of the corresponding Hilbert
subspacesm=0d

u1l = C0,0
D = e−r2/2/Îp, s6ad

u2l = C1,0
D = e−r2/2s1 − r2d/Îp. s6bd

The matrix elements of the Hill HamiltoniansHHd in the
Dot basis, in a givenm subspace, are

knuHHun8lD = dnn8sEnm
D + ro

2/2d − roknurun8lD. s7d

In other words, the matrix elements of the Hill Hamil-
tonian in the Dot basis are diagonal inm, but the second term
on the right-hand side of Eq.(7) mixes the Dot eigenstates
with different radial quantum numbers.

For the present 232 Hilbert subspace matrix, the ele-
ments are:

k1uHHu1l = 1 −
Îp

2
ro +

ro
2

2
, s8ad

k2uHHu2l = 3 −
7Îp

8
ro +

ro
2

2
, s8bd

k1uHHu2l = k2uHHu1l =
Îp

4
ro. s8cd

This matrix can be easily diagonalized analytically; the
lowest eigenvalue, expanded aroundro=0 for clarity, reads

E232 = 1 −
Îp

2
ro + S1 −

p

16
Dro

2

2
+ . . . , s9d

showing explicitly the initial negative slope towards the
minimum. The full expression for the lowest energy level of
this minimal Hilbert space is plotted in Fig. 2, with a dotted
line. This eigenvalue has a minimum atro=1.301, with
E232=0.452, quite close to the real values, despite the fact
that we use just two Dot orbitals as the expanding basis.

We use now variational wave functions in order to gain
more insight into the nature of this absolute minimum in the
energy spectrum. First, we use a very simple ansatz: a modi-
fied Dot (0,0) eigenfunction,

Cv1 = e−r2/2b2
/Îpb, s10d

where the variational parameterb allows the wave function
to be more(less) extended than the original Dot orbital if
b.1sb,1d. We evaluate the expectation value of the Hill
Hamiltonian for this state

Ev1sbd = s1 + ro
2b2 + b4 − rob3Îpd/2b2. s11d

Minimizing it with respect tob we obtain the value of
bs=1+ro

Îp /8+3pro
2/128+ . . .d that optimizes this energy

as a function ofro. The main effect is that of a softer(or
wider) dot, i.e., bù1, thus leffec=bloùlo. From these
equations we can obtain an approximation to the absolute
minimum:Ev1>0.463 atro>1.302, close to the exact result.

With a slightly more refined variational ansatz

FIG. 1. Lowest lying energy levels for the Volcano(left) and
Hill (right) ring potentials, as a function of the ring radiusro. Full
lines: n=0, m levels; dashed lines:n=1, m levels. The degeneracy
for the Dotsro=0d energy levels with the same value of 2n+ umu is
broken in the ringsroÞ0d case, which only conserves the ±m de-
generacy. The ground state of the Hill potential displays an absolute
minimum of E0,0

H =0.4315 atro=1.523.

FIG. 2. Energy of the GS Hill orbital as a function ofro. E0,0
H is

the exact result;E232 is the energy that results from a minimal basis
expansion.Ev1 andEv2 are variational solutions.
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Cv2 = e−r2/2b2
fÎ1 − g2 + gsr2/b2 − 1dg/Îpb, s12d

which is just a linear combination of the first two Dot eigen-
functions, weighted with the variational parameterg, and
each one renormalized byb, which plays the same role as in
Cv1. Nearly exact results are obtained forro&2 (dashed line
in Fig. 2).

The calculation forCv2 is similar to the one forCv1, but
it is a little more complex due to the presence of two varia-
tional parameters. Instead of explicit equations for the opti-
mal valuesb and g (and thenEv2) as functions ofro, it
unfolds in a nice analytical parametric solution: Giveng, the
corresponding optimalbsgd is determined, thenrofbsgd ,gg,
and thenEv2(rofbsgd ,gg , bsgd ,g). These parametric solu-
tions sb ,ro,Ev2d are shown in Fig. 3. as a function ofg. The
optimal values ofb and g at the minimum of the spectrum
are 1.165 and 0.392, respectively.

Although small, the electronic energy gained in the grow-
ing process by setting the ring radius at values near this
minimum could help to stabilize these self-assembled
rings.15 In fact, the radii of the rings of Ref. 5 are near this
value. Coulomb energies can also be expected to decrease for
wider orbitals, favoring the transition from dots to rings.

B. Nonzero magnetic fields

In the presence of an applied magnetic field, perpendicu-
lar to the plane of the rings, the typical level crossing of
multiple connected geometries as a function of the “trapped”
flux appears. In Fig. 4 we show the Hill spectrum atro
=1.523s=rmind as a function of the applied magnetic field.
The starting point of the spectrum(b=0, but ro=rmin) is
already a lower symmetry situation than the Dot case(see
Fig. 1), and, in addition, the magnetic field breaks the ±m
degeneracy. The arrows in Fig. 4 identify the first three GS
transitions, the level crossing from them−1 to them state,
for m=1, 2, and 3sn=0d. In the inset we show the celerylike
Fock-Darwin spectrum; these levels touch each other at the
infinity limit sb→`d.

In our notation the number of flux quanta threading the
inner region of the ringssrørod is directly given by
bro

2f=sBplo
2/Fod3 sro

2/lo
2d;Fro

g.
For an ideal 1D ring(a bent 1D wire) these level crosses

occur whensm−1/2d flux quanta are trapped in the ring
(dotted line in Fig. 5), the signature of the Bohm-Aharonov1

effect. These transition points(LCP: level crossing points)
are routinely used in experiments to estimate effective radius
for the rings, but for 2D rings the exact position of these LCP
strongly depend on the size of the ring and the characteristics
of the confining potential.6

Figure 5 shows that for high valuessro*5d the results for
both potentials tend to those of the 1D ring. But there are
strong differences at lower values ofro: Whereas the Vol-
cano LCP are at lower trapped flux values than the ones of
the 1D-ring, the Hill LCP are at greater values ofFro

. The

FIG. 3. The parametric solution forCv2: Ev2, ro, and b as a
function ofg. Note that theg=0 point corresponds to the exact Dot
GS: g=0, b=1, ro=0 andEv2=1.

FIG. 4. Lowest lying Hill energy levels versus magnetic field,
for a ring with ro=1.523s=rmind. The twofold degeneracy between
states with the same value ofn and umu is broken by the magnetic
field. The arrows point to the first three level crossing of the GS:
from the (0,0) to the (0,1), then to the(0,2), next to the(0,3). The
inset shows the Fock-Darwin spectrum. There is no level crossing
for the Dot.

FIG. 5. Trapped magnetic fluxsFro
d at the first, second, and

third GS level crossing for the analyzed potentials, as a function of
the ring radiusro. The Hill potential response is softer(Dot like)
than the 1D ring, whereas the Volcano one is harder.
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Hill GS tolerate higher values of magnetic flux before cross-
ing the followingm state.

For the Volcano these LCP, defined byE0,m
V =E0,m−1

V , are
given by

Fro

V smd =
1
Î2

fm m− − a + Îsm2 + adsm−
2 + adg1/2, s13d

wherem−=m−1, anda=ro
4. The dashed lines in Fig. 5 show

this result form=1, 2, and 3. This same equation[Eq. 13]
holds for the LCP of the higher energy bandssn.0d of the
Volcano potential. The behavior of the Volcano LCP at low
values of ro can be traced back to the effect of the
“centrifugal-like” repulsive core of this potential: Taking into
account the mean radius(weight center) of a Volcanom state
given in Ref. 12srm,ÎMd, it can be seen that the energy
cost[theMÎ1+b2 term in Eq.(5)] due to this enlarged mean
radius overcomes the orbital Zeeman energy(the −mb term),
compared with the corresponding terms in the Fock-Darwin
spectrum[Eq. (2)]. This effect is particulary strong for the
(0,0) state, which has a finite value forM (but m=0), as a
consequence the(0,0) to (0,1) LCP line starts at zero trapped
flux for this potential.

For the Hill potential these LCP are obtained numerically.
The ro→0 limit can be analytically discussed. In this limit
the ring with a Hill potential can be considered as a weakly
perturbed Dot. Application of perturbation theory allows
then a straightforward calculation of the energy of the states
to first order inro. The LCP(for the GS, then=0 band) are
obtained from the conditionkm−1uHHum−1lD=kmuHHumlD,
which yields

Î1 + b2 = b +
Gsmdro

s1 + b2d1/4, s14d

where Gsmd=Gsm+1/2d /2m!. From this equation the
trapped flux at the Hill LCP in the limitro→0 sb→`d can
be obtained

Fro→0
H smd =

1

4G2smd
. s15d

Equation (15) gives 4/p, 64/4p, and 256/25p (1.273,
2.263, and 3.259) for m=1, 2, and 3, respectively, i.e., the
ro=0 points of the Hill LCP lines, the full lines in Fig. 5.
Note that these Hill LCP points(at ro=0) can also be inter-
preted as Dot LCP; there is no contradiction with the Fock-
Darwin spectrum, i.e., the trapped flux is finite, but the ap-
plied field diverges as 1/ro

2. This Dot-likeness of the Hill
states at low values ofro is consistent with the analysis of
the Hill GS of the previous subsection.

In the rings of Ref. 5 the first LCP point is roughly at
Fro

,1, (ro,1.5 for them), favoring the use of the Hill po-
tential (or similar potentials with just a bump at the ring
center) over the Volcano in order to model the experimental
situation.

C. Rings with broken azimuthal symmetry

Self-assembled rings do not usually have a perfect rota-
tional symmetry. This fact must be taken into account be-

cause what most experiments measure are transitions be-
tween different eigenstates under the action of
electromagnetic radiation fields, and the selection rules for
such transitions strongly depend on which symmetries are
present in the samples.

A common experimental situation is the presence in these
rings of an elliptical deformation.16 This lower symmetry is
due to the presence of an easy-growth axis in the surface of
the substrate over which the rings are formed. The rings are
enlarged and thickened in this axis directions. To model this
deformation we add the following term to the ring
potentials17,18

V2 =
1

2
a coss2wdr2 + C. s16d

The overall confining potential(the leading term forr
@1) is given then by1

2s1+a cos 2wdr2; the C term in Eq.
(16) is such that the minimum value of the potential remains
at zero,C= 1

2ro
2a / s1−ad for the Hill potential.

The matrix elements for this deformation can be easily
evaluated in the ladder representation(see Appendix). For
the present analysis it is enough to say that this deformation
mixes states with angular quantum numbers that differ by
two units (there is adm8,m±2 factor in the elements, which is
already apparent in thesr ,wd space representation). There-
fore parity is preserved, and therefore there is a Hilbert sub-
space for the oddm8s and another for the evenm8s. As
radiation assisted transitions usually implyDm= ±1, in the
present case it will involve transitions between these two
subspaces. The relative amplitude of these transitions could
be traced back because the method provides us with the ex-
pansion coefficients of the states in the Dot basis, in which
these amplitudes can be easily evaluated, although this is not
the purpose of the present study. There is also a 1/Î1+b2

multiplicative factor in these elements: The magnetic field
tends to reduce the relative weight of the deformation, trying
to restore the azimuthal symmetry for high values ofb.

In Fig. 6 we show the spectrum of a slight deformed Hill

FIG. 6. Lowest lying energy levels of the Hill ring with a small
elliptical asymmetry. No degeneracy exists among the energy lev-
els, except in the limitro@1. The inset shows a contour plot of the
potentialsa=0.2,ro=4d.
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potential at zero magnetic fieldsa=0.08, b=0d. The rupture
of the azimuthal symmetry is apparent, even atro=0. The
asymptotic valuessro@1d of the lower eigenvalues of the
spectrum can be fully accounted for with a “small oscilla-
tion” analysis of the confining potential. Instead of the cir-
cular valley of the perfect ring(at r=ro) there are now two
kidneylike minima over they axis [at y= ±ro/ s1−ad] and
two saddle points over thex axis [at x= ±ro/ s1+ad] (see
inset in Fig. 6). Expanding the total potential, Eq.(16) plus
Eq. (3), around one of these minima one obtains two para-
bolic “spring constants,”kx=2a and ky=s1−ad. The corre-
sponding frequenciesvx=Î2a and vy=Î1−a for this har-
monic oscillator approximation, plus bonding/antibonding
mixtures of the states localized around each of the two
minima, fully explain this region of the spectrum and the
corresponding wave functions.

Due to the spectrum characteristics discussed above, el-
liptical deformed self-assembled rings of largero are pos-
sible good “two level” systems to use in quantum
computation,19 easily tunable by means of(in plane)
electric14 or (perpendicular) magnetic fields. The massive
number of rings in a given sample5 s,108 rings/mm2d could
allow for a “probabilistic” lecture of the results of a quantum
computation.

IV. FITTING TO EXPERIMENTAL DATA

Excitation energies(«qn=Eqn−EGS, where qn are the
quantum numbers of an excited state) are the relevant num-
bers in an experimental situation. For electromagnetic radia-
tion assisted transitions, auDmu=1 selection rule is in effect.
This limitation holds for perfect circular rings, but is relaxed
for deformed ones, given that thems are no longer strict
quantum numbers. Nevertheless, for slight deformations the
m label is still a good description of the states for most of the
spectrum regions, except for the points at which directly
mixed states(for example,uDmu=2 for the elliptical defor-
mation) have nearly equal energies. At these points a strong
mix of the near degenerated nondeformed states forms the
actual eigenstate of the deformed ring.

In Fig. 7 we plot the ratio between the energy of the two
first possible transitions atB=0, g=«1,1/«0,1, as a function of
the ring radiusro, for the Hill and Volcano potentials. This
ratio is highly dependent on the radius and also on the degree
of deformation of the ringssad. If experimentally available,
this ratio allows for the characterization of the ring. Used in
conjunction with the first level crossing(LCP) pattern curve
(Fig. 5), a useful characterization of an experimental sample
can be quickly obtained.

The «0,1 data is not available for the rings of Ref. 6
(square dots in Fig. 8), but an approximate fitting to the
experimental data can be made. On the right of Fig. 8 we
reproduce the fitting already given by Emperador
et al.,6 which corresponds to"vo=13.5 meV, ro=14 nm
s=1.485lod, a=0 (and me

* =0.063me). The dashed lines
(uDmu=3 or greater) are forbidden transitions for a perfect
ring. On the left we present another fitting with slightly dif-
ferent parameters("vo=13 meV,ro=1.4 lo, a=0.02). Due
to the break of the azimuthal symmetry new transitions are

now possible, although their intensities are lower than the
principal ones. Roughly estimated intensities are represented
by linewidth: feeble lines correspond to less probable transi-
tions. Experimental points without explanation on the right
side fitting can now be interpreted as less probable excita-
tions, allowed by the symmetry break.

A similar effort to fit the Volcano potential parameters to
the same experimental data does not give consistent results.
This is essentially due to the results of Fig. 5 above, as for
ro.1.4 lo the first crossing level for the Volcano potential
lies atFro

.0.5, instead of.1, as experimentally observed.

V. CONCLUSIONS

We have thoroughly studied the size, magnetic field, and
symmetry dependence of the electronic level structure of

FIG. 7. Excitation ratios«1,1/«0,1d at B=0 for the Hill and Vol-
cano potentials. This ratio depends strongly on the ring size, and
can then be used to characterize samples.

FIG. 8. Hill potential fitting to the experimental data of Ref. 6.
On the right there is a “perfect ring” fitting("vo=13.5 meV,ro

=14 nm,a=0), and the dashed lines are forbidden excitations. On
the left we use("vo=13 meV,ro=1.4lo, a=0.02), i.e., a deformed
ring; new excitations are possible(see text). The breaks on the lines
of both sides(at B,8 T) signals the first GS LCP point for this
sample.
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semiconductor self-assembled quantum rings, within the
single-particle scheme. Two alternatives for the ring lateral
confining potential have been considered: one with a
centrifugal-like core(Volcano), and the displaced parabola
(Hill ). While the first admits an analytical solution, the sec-
ond requires a numerical analysis.

We have found that the lowest energy level of the Hill
rings has an absolute minimum as a function of the ring
radius, atro.1.5 lo. This minimum represents an electronic
contribution to the energy of formation of these rings, which
can help to stabilize rings of this size. Actually, the experi-
mentally available rings have radii in this range. This mini-
mum is not present for the Volcano confinement.

In the presence of a perpendicular magnetic field, the
studied confining potentials display strikingly different be-
haviors. Taking the perfect one-dimensional ring as refer-
ence, the ground-state transitions driven by the magnetic
field are easier for the Volcano and harder for the Hill poten-
tial, with the crossing points lying to the left(smaller fields)
and to the right(larger fields) of the 1D ring crossing points,
respectively. Experimental crossing points are in quantitative
agreement with the Hill result.

The electronic structure of rings with a Hill confinement
potential with a weak elliptical deformation have been ob-
tained, and compared with experimental data. From this
comparison, we have confirmed that the Hill confinement
potential provides a suitable theoretical description of the
actual self-assembled rings.

We remark in the Appendix on the existence of phase
factors, usually disregarded, between two widely used basis
of the parabolic Dot.
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APPENDIX: DOT LADDER OPERATORS

The ladder operators are a useful 2D generalization of the
well-known number operators of the 1D harmonic oscillator.
Different derivations of them can be found in the available
literature, but their relation with other representations of the
2D harmonic oscillator is scarcely given. Hence a brief re-
count is worthwhile. As a recent summary has been given in
Ref. 10(Sec. III C, pp. 17–20, hereafter QDots), we closely
follow this presentation of the subject.

After introducing the complex variablesu=x+ iy and v
=x− iy, the boson ladder creation operators for the harmonic
2D Dot are defined as[QDots (3.9) to (3.11)]

a† =
1

2
su − 2]vd, b† =

1

2
sv − 2]ud, sA1d

where lengths are normalized bylv (QDots l0 is equal to
lv /Î2). In the basis expanded by these operators the eigen-
states of the Fock-Darwin Hamiltonian are given by[QDots
(3.17)]

una,nbl =
1

Îna ! nb!
sa†dnasb†dnbu0,0l, sA2d

the quantum numberna snbd in this representation indicates
the number ofa sbd excitations in the state, andu0,0l is the
vacuum state. The following expression for these states as a
function of u, v is given in QDots[QDots (3.20)]

Fna,nb
=

euv/2

Îp

1
Îna ! nb!

s]udnbs]vdnae−uv. sA3d

For thesr ,wd representation QDots use the same expres-
sion than we do, Eq.(1) [QDots(3.21) to (3.24)], QDotsnr is
our n. We will also need the Laguerre polynomials definition

Ln
umuswd = w−umue

w

n!

dn

dwnswn+umue−wd. sA4d

The relation among the quantum numbers of these two
representations isn=minsna,nbd, andm=na−nb.

These results, however, should be used with great care, as
important phase factors are missing between theuna,nbl and
the un,ml relations given above.

One missing phase factor is between theuna,nbl states and
their u, v representation[Eqs.(A2) and (A3)]. Applying the
a† rising operator toFna,nb

one obtains

1

2
su − 2]vdFna,nb

=
u

2
Fna,nb

− ]vFeuv/2

Îp

1
Îna ! nb!

s]udnbs]vdnae−uvG
=

u

2
Fna,nb

−
u

2
Fna,nb

−
euv/2

Îp

1
Îna ! nb!

]vfs]udnbs]vdnae−uvg

= − Îna + 1Fna+1,nb
, sA5d

i.e.,a† does what a boson creation operator is supposed to do
except for a minus factor. Hence, as−1dna+nb phase factor
must be included in Eq.(A3).

Other missing phase factor appears between theuna,nbl
states and theun,ml ones. This one can be found by looking
at Eqs. (A3) and (A4). The highestw power term in the
Laguerre polynomial comes from thed/dw operator acting
always on thee−w exponential factor in the “nucleus,” thus
its sign is given bys−1dn. The corresponding term inFna,nb
comes also from the partial derivatives acting directly on the
e−uv exponential nucleus, this gives as−1dna+nb factor. Hence
there is as−1dmaxsna,nbd factor between Eq.(1) and Eq.(A3),
and

una,nbl = s− 1dnun,ml sA6d

is then obtained for the relation between these representa-
tions (our n, QDotsnr).

These phase factors do not show up if one is working
always within a given representation, but they must be care-
fully taken into account if one wants to make use of the
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different representations to evaluate more easily a given ma-
trix element, or if one changes the representation to discuss
some point of a given problem(e.g., plot the radial distribu-
tion of a wave function evaluated in theuna,nbl representa-
tion).

Finally, we present the ladder operators we use. We define
the complex variables as

u =
1
Î2

sx + iyd, v =
1
Î2

sx − iyd;

]u =
1
Î2

s]x − i]yd, ]v =
1
Î2

s]x + i]yd, sA7d

whereu, v andx, y are in units oflv, the scaling length of
the orbitals[see Eq.(1)]. This “normalized”s1/Î2d defini-
tion of u andv avoids the “floating” factors of 2, typical of
other possible choices. Both in the new definitions and in the
reverse transformations only the factor 1/Î2 appears. The
ladder operators become

a =
1
Î2

sv + ]ud, a† =
1
Î2

su − ]vd,

b =
1
Î2

su + ]vd, b† =
1
Î2

sv − ]ud. sA8d

Note that, using Eq.(A7)

a =
1

2
fsx − iyd + s]x − i]ydg

=
1

2
fsx + ]xd − isy + ]ydg =

1
Î2

sax − iayd,

b =
1
Î2

sax + iayd, sA9d

whereax, ay are 1D boson operators of the harmonic oscil-
lator, one defined for thex coordinate and the other for they.
This holds for any initial definition ofu, v, i.e., it also holds
for the operators defined in Eq.(A1).

The expression for theuna,nbl states in terms ofu, v is
given now by

Fna,nb
=

1
Îplv

s− 1dna+nbeuv

Î2na+nbna ! nb!
s]udnbs]vdnae−2uv. sA10d

To give an example of the utility of these operators, look
that the matrix elements of the elliptical deformation Eq.
(16) can be easily evaluated in the ladder representation,
given that

r2 coss2wd = Slv

lo
D2

su2 + v2d

=
1

2
Slv

lo
D2

fsa† + bd2 + sa + b†d2g,

the slv /lod factor comes from the fact that lengths in the
Hamiltonian are in units oflo (a constant for a given ring)
whereas the orbitals, andu, v, scale withlv, i.e., they auto-
matically include the effect of the magnetic field on the para-
bolic confining potential of the Dot. The operator terms in
the brackets are evaluated straightforwardly in theuna,nbl
representation, given adm8,m±2 factor when translated to the
un,ml representation, and also strong constraints on the al-
lowed n8 ,n values. This last restriction is not evident if one
computes these matrix elements directly in theun,ml repre-
sentation.
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