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Coulomb-interaction effects on the electronic structure of radially polarized
excitons in nanorings
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The electronic structure of radially polarized excitons in structured nanorings is analyzed, with emphasis in
the ground-state properties and their dependence under applied magnetic fields perpendicular to the ring plane.
The electron-hole Coulomb attraction has been treated rigorously, through numerical diagonalization of the full
exciton Hamiltonian in the noninteracting electron-hole pairs basis. Depending on the relative weight of the
kinetic energy and Coulomb contributions, the ground-state of polarized excitons has “extended” or “localized”
features. In the first case, corresponding to small rings dominated by the kinetic energy, the ground-state shows
Aharonov-Bohm (AB) oscillations due to the individual orbits of the building particles of the exciton. In the
localized regime, corresponding to large rings dominated by the Coulomb interaction, the only remaining AB
oscillations are due to the magnetic flux trapped between the electron and hole orbits. This dependence of the
exciton, a neutral excitation, on the flux difference confirms this feature as a signature of Coulomb dominated
polarized excitons. Analytical approximations are provided in both regimes, which accurately reproduce the

numerical results.
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I. INTRODUCTION

Nanoscale semiconductor structures have been the subject
of numerous theoretical and experimental investigations in
the last few years. The effects of quantum confinement in
these nanosystems strongly modify their electronic and opti-
cal properties, offering exciting possibilities for technologi-
cal applications. Among these, a particular class of structures
with annular geometry called nanorings are being intensively
investigated after the experimental observation of the AB'
effect in small metallic rings.>~® With the strong development
in the nanofabrication, it is now possible the formation of
different types of semiconductor nanorings.” This gives us
the exciting opportunity to observe new quantum interfer-
ence phenomena in magneto-optical experiments.®° Several
theoretical papers have reported studies about the influence
of the different geometric-confinement parameters and the
presence of impurities on the spectrum in a semiconductor
quantum ring in magnetic fields.'*!3 The effects of an exter-
nal electric field on the AB oscillations in the energy spec-
trum of quantum rings have also been reported.'* Most of the
experimental work has been performed on charged excitons
in nanorings®>!>1¢ and in neutral excitons in type-II quan-
tum dots.!” The possibility of the observation of the so-called
“optical” AB has been an interesting and controversial sub-
ject in the recent years.!®2! It was predicted that the polar-
ization of a neutral exciton in a quantum ring can originate a
magnetic interference effect such that the ground-state of the
exciton alternates between states with zero (bright) and non-
zero (dark) angular momentum for increasing magnetic
field.?>> The finite polarization of the exciton can be ob-
tained by asymmetries in the confinement potentials of the
electron and holes or by means of a uniform electric field
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applied in the ring plane.’ In the present paper we report a
study of the effects of the Coulomb interaction on the elec-
tronic structure of excitons in nanorings. We consider radi-
ally polarized excitons and we make a detailed analysis of
the ground-state properties and its dependence with magnetic
fields applied perpendicular to the ring plane. We include
rigorously the electron-hole Coulomb interaction and discuss
different regimes of excitonic confinement. We also provided
analytical approximations which are useful for semiquantita-
tive estimations in well-defined regimes.

II. THE MODEL AND METHOD OF SOLUTION

The effective-mass excitonic Hamiltonian in a quantum-
ring structure subject to an external magnetic field parallel to
the ring axis, which we take to be the z axis, can be simpli-
fied under some suppositions. In the first place, the electron
and hole coordinates along the z-direction may be “frozen” at
the same in-plane value (say, z,=z,=0). This is consistent
with the fact that for all the semiconductor quantum rings
produced by today’s semiconductor growth techniques, the
confinement along the z-direction (usually given by a com-
positional barrier) is much stronger that the in-plane confine-
ment. This gives rise to a strong quantization along z. In the
second place, the radial displacements of the electron and
hole may also be frozen at different radial coordinates, R,
and Ry, respectively. This is done by assuming that the ef-
fective self-consistent potentials, for electron and for hole,
have different radial positions for their respective mini-
ma”®?° and by realizing that the confinement and its associ-
ated energy quantization in the radial direction is usually
stronger than in the azimuthal direction, for both of them.
These two approximations leads directly to:%3
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is the sum of the electron and hole kinetic energies, and the
Coulomb interaction is given by

e’ 1
e(RZ+R})"[1 - rcos(Ag)]"

U(AG) =~ 3)
In the above equations Af=80,— 6, m,, and m,, are the elec-
tron and hole effective masses, (R,,6,) and (R, 6,) are the
radial and angular electron and hole polar coordinates, ¢,
:wBR?, &= WBR% are the magnetic fluxes threading the
electron and hole rings, and ¢y=ch/e is the flux quantum.
U.(A6) describes the Coulomb attraction between the elec-
tron and the hole, with & the dielectric constant of the semi-
conductor ring material, and the parameter r=2(R,/R;)/[1
+(R,/R;,)?] determines the shape and the strength of the Cou-
lomb interaction. For r—0 (R;,>R,) the Coulomb potential
as a function of A6 is nearly flat, while for r—1 (R,=R,),
the potential has a pronounced minimum at A#=0.

The model defined by Egs. (1)—(3) is quite appropriate for
the calculation of the energy spectrum and angular structure
of radially polarized excitons in nanorings. For the study of
the photoluminescence response of the system it must be also
taken into account the Gaussian-type radial extension of the
electron and hole wave functions.?” The presence of a finite
radial overlap between both wave functions thus gives a fi-
nite interband matrix element.

Even after these simplifications, ﬁm(ﬁe, 6,) is not exactly
solvable, at least analytically, due to the Coulomb interac-
tion. In consequence, we have used the following direct nu-
merical strategy: Diagonalization of Eq. (1) in the noninter-
acting electron-hole pairs basis generated by the eigenstates

of H° (6,,6,),

IA{(e)xc( He’ 0h) 1/’26,@,( 0e’ 011) = E((,(Z,?{’h 17[12(,,{’,1( He’ eh) s (4)

where
Vi, (00 Oh) = 5 el e, (5)
and
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where €, and €,(=0,+1,+2,...) are the electron and hole
angular momentum quantum numbers, respectively. The
noninteracting eigenstates of Eq. (5) can also be written in
terms of A and a new angular variable, given by

00=(I€6€+Ih9h)/1’ (7)

here Ie=meR§, Ih=mhRfl, and I=1,+1, are the electron, hole,
and total moments of inertia, respectively. 6, is then a gen-
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eralized angular “center of mass” (c.m.) coordinate, and de-
scribes the translation of the whole exciton around the ring,
while A@ describes the internal (relative) exciton dynamics.
Replacing in Eq. (5), we obtain,

17[12 (’ (ao,A 0) - 2Leig()(€e+€h)eiAa(éele_€h1h)/1. (8)
e’h o

The important point to note now is that as the Coulomb
interaction only depends on A6, the total angular momentum
of the polarized exciton L=¢,+{, remains a good quantum
number even in the interacting regime; this is a consequence
of the azimuthal rotational symmetry of the structured rings.
Thus, the Hamiltonian matrix generated in the basis of Eq.
(5) is block-diagonal, with each block corresponding to a
given L(=0,%1,+2,...). The numerical diagonalization of
each block provides the eigenvalues and eigenstates of I:Im,
which we denote by E; ,(B) and ¢; ,(6y,A6), respectively,
with n=1,2,.... To obtain accurate exciton energies and
wave functions from the basis generated from Eq. (5), we
truncate the basis by choosing an adequate set of quantum
numbers €, and €,(=—€,+L) in each L sub-space. This set is
chosen starting from the couple €,, €, which correspond to
the magnetic-field dependent noninteracting ground-state en-
ergy. The size of the basis is chosen large enough such that
the results do not depend on it. The only nontrivial point of
this calculation scheme is the numerical evaluation of the
matrix elements of U,.(A6) between the noninteracting eigen-
states of Eq. (5). While formally these matrix elements can
be written in terms of the so-called toroidal functions,? for
its practical and accurate evaluation we have found the direct
numerical integration over the one-dimensional variable A6
more convenient. Also, considering the easiness of its direct
numerical evaluation, we do not recommend its evaluation
through the large-size ring approximation,” as we have
found that it leads to some over-estimation of the exciton
binding energy.

III. RESULTS

All the numerical results to be discussed below were ob-
tained with material parameters appropriate for GaAs, that is:
m,=0.067 my, m;,=0.268 m, and e=12.5, with m being the
bare electron mass. The effective Bohr radius for the electron
(ag) is then equal to 98.7 A. Also, we have assumed that
R, <R,

Before we proceed with the results a brief note on termi-
nology is worth discussing. In principle, the numerical di-
agonalization of the exciton Hamiltonian results in a large
number of eigenvalues, for each structured ring and magnetic
field value. Our analysis, however, will be mainly concen-
trated on the lowest of these eigenvalues, the ground-state
exciton. This ground-state exciton will be characterized in
turn as belonging to the weak-interacting (WI) regime, or to
the strong-interacting (SI) regime (see below). Excited exci-
ton states will be more properly considered as electron-hole
pairs.
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FIG. 1. Exciton energy vs magnetic field, for a ring with R,
=40 A, R,=70 A. Only states with total angular momentum L
=0, 1, and 2 are plotted, and for each of these, the three lowest
ones. Upper panel, noninteracting case. Lower panel, interacting
case: Perturbative expression (dotted lines) and numerical results
(full lines).

A. Weak interacting regime

In this regime, corresponding to structured rings of small
size, the dominant contributions to H,,.(6,,6,) are the ki-
netic energy terms, with the Coulomb interaction acting as a
small modification to the noninteracting results. Including
accordingly U,(A#6) in a perturbative way, we obtain

2¢? 4R,R),
K 5 9)
WS(RE‘l'Rh) (RE+Rh)

EL(B) =B (B) -

with K(x) being the complete elliptic integral of the first
kind.>® The second term on the r.h.s. of Eq. (9) corresponds
to the matrix element UC(m)E<¢2«‘m’€h+m|U"|¢2e,€h>’ with
m=0. This diagonal matrix element is the same for all
couples of (€,,€,) noninteracting electron-hole quantum
numbers. Besides, in this regime, |U.(0)|>|U.(m#0)],
which supports the perturbative expression Eq. (9). Accord-
ing to this result, the exciton energy spectrum in the WI
regime is the same as the noninteracting spectrum, but
shifted rigidly by a negative constant.

We show in Fig. 1 the energy spectrum for a radial polar-
ized exciton (RPE) in the WI regime, corresponding to a ring
with R,=40 A and R,=70 A. The top panel corresponds to
the noninteracting spectrum, the lower panel to the interact-
ing spectrum calculated exactly (numerically), and as given
by the perturbative expression of Eq. (9). As can be seen
from the results in the lower panel, the perturbative approxi-
mation nicely reproduces the main features of the numerical
result, shifting the noninteracting spectrum towards negative

PHYSICAL REVIEW B 73, 165311 (2006)

)

-100

-150

-200

-250

1 1 L 1 H sov el e s e leaaa ey -300
0 1 2 3 4 5 .10 05 00 05 1.0

A8 /n

FIG. 2. Left panel, exciton energy spectrum vs electron mag-
netic flux, for three structured rings. Only the first low-lying states
with L=0 (full lines), L=1 (dotted lines), and L=2 (dashed lines)
are shown. Right panel: Coulomb attractive potential U, (A6) for the
three structured rings of the left panel, the horizontal bars in them
correspond to the lowest lying state (see text).

energies by about 18 meV. It is interesting to note that the
approximation works better for excited than for low-lying
states. This is natural, as if the kinetic energy increases at
constant Coulomb correction, the accuracy of the perturba-
tive approach should increase. Beyond this simple first-order
estimation are the several anticrossings which appear in the
numerical results when two states with the same L approach
each other as function of B.

The parameters used in Fig. 1 are similar to those used in
the noninteracting case studied in Fig. 2 of Ref. 22. There it
is shown that the L=0 (bright) and L# 0 (dark) exciton al-
ternate as ground-state, as a function of the applied magnetic
field. However, then the Coulomb interaction is included in
the calculations we found that this “blinking” behavior of the
exciton is precluded. In our case, once the L=0 ground-state
crosses the L=1 ground-state, it does not become again the
ground-state.

B. From the weak to the strong interacting regime

By approaching R, and R, to each other (r— 1), the Cou-
lomb attraction between the hole and the electron is increas-
ingly more important than the kinetic energy terms. We show
this crossover in Fig. 2, where we display the RPE spectrum
for decreasing values of R,, keeping R,=40 A. The more
noticeable feature of these results is the progressive appear-
ance of a “gap” among the low-lying and the excited states,
for each L sub-space. Moving from top to bottom (left
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FIG. 3. Exciton energy vs magnetic field for a ring with R,
=100 A, R,=120 A. Only states with total angular momentum L
=0 (full lines), 1 (dotted lines), and 2 (dashed lines) are plotted.

panel), the modification of the spectrum consist mainly in a
progressive “deepening” of the given L low-lying state to-
wards negative energies, while the excited states remain at
energies close to zero. The right panel in Fig. 2 corresponds
to U,(A6), with the deeper one corresponding to R,=44 A
(r=0.995), and the shallow one to R,=60 A (r=0.923). The
straight horizontal lines denote the position of the lowest-
lying states of the left panel (discounting the c.m. motion)
for each size of the structured ring; once the kinetic energy
of the c.m. motion has been subtracted the remaining energy
becomes essentially independent of L and B (see below).
With this information at hand the meaning of the three split
low-lying states of Fig. 2(c) is clear: They correspond to
localized exciton states, whose wave function (internal com-
ponent) is strongly localized around |A#| =0. This must be
contrasted with the noninteracting exciton wave function of
Eq. (8), whose internal component is uniformly distributed
along its allowed values (|A6| < 7). Physically, this localiza-
tion of the ground-state exciton wave function is driven by
the attractive Coulomb interaction, which for r—1 is able of
keep the electron and hole as close as possible, losing kinetic
energy but gaining Coulomb energy. An interesting feature of
these results is that as more localized is a state, less depen-
dence on the magnetic flux trapped by its individual compo-
nents it shows. This issue will be discussed in detail in the
next sub-section. We emphasize that the characterization of a
state as extended or localized refers only to the internal com-
ponent of the total exciton wave function. The c.m. compo-
nent is always extended, as corresponds to a system with
azimuthal rotational symmetry.

C. Strong interacting regime

Increasing further the structured ring size, the system is
driven to the SI regime, where the electron and hole strongly
interact. Figure 3, corresponding to a ring with R,=100 A,
R,=120 A, displays clearly one set of localized L (=0, 1, and
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FIG. 4. Left panel, exciton energy spectrum vs magnetic field
for a ring with R,=300 A, R,=330 A. Only the first low-lying
states with L=0 (full lines), 1 (dashed lines), and 2 (dotted lines)
are shown. Right panel: Coulomb attractive potential U.(A6) (solid
line), V.(A6) (dashed line), and discrete energy levels (straight
lines). Note the cut in the vertical axis of the left panel.

2) ground-states at negative energies, plus a bunch of closely
energy spaced and strongly magnetic field dependent states
at positive or close to zero energies. Figure 4 corresponds to
an even larger structured ring, with the new feature of having
two localized sets of states at negative energies, instead of
one. The new localized set corresponds to the first-excited
state of each L.

An important feature of Figs. 3 and 4, is the presence of a
characteristic energy (negative but close to zero), above of
which all states are extended. This energy is just U.(A#
=+m)=-e’/e(R,+R,;), corresponding to the minimum
strength that the Coulomb potential can take in the
constrained-ring geometry, and associated to the maximum
possible interparticle distance. For the ring of Fig. 2(c),
U.(A6=x7)=-13.71 meV, for the ring of Fig. 3 U.(A6
=+1)=-5.23 meV, and about —1.83 meV for the ring of
Fig. 4. Conversely, all states below that energy are localized
and their corresponding energies show a very weak depen-
dence on L and B, as we will discuss later.

To analyze properly the results of the SI regime, it is

useful to rewrite H,,.(6,,6,) in term of the variables 6,,A6:

I:Iexc(ae’ 0/1) = I:Iexc(a()?Aa) = I:Ic.m.(HO) + I:Iint(Ae)’ (10)

with
. 72 d o \?
H(:.m.(eo) = _<_ i— + ¢C'm-> (11)
and
. ﬁ2( J ¢-,>2
H, (A)=—|-1i 1 U.(A6). 12
in(A6) o lﬂ(A0)+¢o +U(A0). (12)

The main achievement of this transformation is the exact
decoupling of the translational (6,) and relative coordinates
(AG).? In the equation above, @, =m(R2~R})B, I,
=11,/1, and ¢;,,=l,,B/ p, with w=m,m,/(m,+my).
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Being H,,(6,A6) the sum of the c.m. and internal con-
tributions, the corresponding eigenvalues are given by

#? 2
EL,n(B) = 2_I<L + %) + SL,n(B) (13)
and
@DL,n(GO?Aa) =gu( ao)hL,n(A 0), (14)

with g;(6,) being eigenfunctions of H., ,, (6,) and €7.,(B) and
hy ,(A6) the eigenvalues and eigenfunctions of H,,(A6), re-
spectively. While the solution of H,, (6,) is immediate, the

solution of H,,(A6) is not, due to its combined magnetic and
Coulomb contributions, and the cumbersome cyclic
boundary-conditions for its associated eigenfunctions. Some
insight can be obtained, however, through the following
gauge transformation of the internal component of the total
exciton wave function,

hy ,(A6) = e 809l of, (AG). (15)

The boundary conditions for the total exciton wave function
are easily established in terms of the angular coordinates 6,,
0 QDL,n(ae’ ah) = @L,n(06+277’ 0/1) = ¢L,n(ae’ 0h+277) = (PL,n(ae

+2r, 6,+27). From these boundary conditions, it could be
easily derived an equivalent set of boundary conditions in
terms of 6, and A6: ¢; (69, A0) = ,(6g+27],/1,A0+27)
=@, (Og+27l,/[,A0-2m)=¢; ,(6p+27,AH). Finally, using
Egs. (14) and (15), the boundary conditions for the indi-
vidual components of ¢; ,(6,,A6) are g(6y)=g(6y+27), and

LL ¢,
fra(A6) =exp 2m'(‘7 + &> fra(AO+2m),

b0
(16a)
Sra(A6) =exp 2771'(%—%) fr.(AO=2m).
1 i I ¢0 | 1
(16b)

Replacing the anzatz of Eq. (15) in I-AI,-,,,(AH)hL’n(A 0)
=gy ,(B) hy,(A6), we derive an effective equation that de-
fines f; ,(A6); this equation is:

h* Pf (A0
_ 7% + Uc(A 0)fL,n(A 0) = SL’”(B)fL’”(A 0) ’

(17)

The wave function f; ,(A6) satisfies then a magnetic-field
independent one-dimensional Schrodinger-type equation.
The magnetic field dependence of & ,(B) is hidden now in
the boundary conditions for f7 ,(A6).

Summarizing, f; ,(A6) must satisfy the Schrodinger-type
Eq. (17), plus the magnetic-field dependent boundary condi-
tions of Eq. (16). Now, and this is the whole point, if the
internal wave function f; ,(A6) is strongly localized around
A6#=0, it makes no difference if we replace the complicated
requirement of Eq. (16) by the “isolated well” boundary con-
dition f; ,(JA#] >1)—0. Proceeding this way, the eigenval-
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ues g7 , become L and magnetic-field independent, as in this
regime the internal Hamiltonian and the boundary condition
are both, L and magnetic-field independent. The approxima-
tion works better the more localized is the state, and can be
sought as related to the tight-binding approximation em-
ployed in the calculation of the band-structure of crystalline
solids.?! In this last case, and for an atomic orbital strongly
localized on the scale of the lattice parameter, it makes no
difference if one uses the rigorous boundary condition im-
posed by the Bloch theorem or the “isolated atom” boundary
condition. In both cases, the rigorous and the approximated
calculation gives essentially the same result: A discrete level
just at the energy of the atomic orbital of the isolated atom.

Accordingly, in this regime all the magnetic field depen-
dence of the exciton energy comes essentially from the c.m.
contribution. Thus, one can estimate the crossing points for
exciton states with different total angular momentum such as
L— L+M from the condition E; ,(B)=E} . ,(B), neglecting
the L and B dependence of ; ,(B). Using Eq. (13), we obtain
thus for the crossing magnetic fields,

__ % ([, M
B(L—>L+M)_7T(Ri_R§)<L+ 2). (18)

It is interesting to note, in this regime, the strong sensitivity
of the crossing magnetic-fields to the difference between R,
and Rj,. In particular, the optically active (bright) exciton
with L=0 could be stabilized at larger magnetic fields by just
moving to narrower structured rings. Using Eq. (18) for the
low-lying states of Figs. 3 and 4, we obtain for the ring of
Fig. 3 that B(0—1)=14.69 T, and B(0—2)=29.92 T. Pro-
ceeding in the same way with the ring of Fig. 4, we ob-
tain B(0—1)=348 T, B(0—2)=6.97 T, and B(1—2)
=10.45T. The good agreement between these estimations
and the exact (numerical) results, confirms the hypothesis of
the L and magnetic-field independence of &, ,(B). It is also
worth noting that the crossing of the two sets of low-lying
states (n=1,2) in Fig. 4 takes place at the same crossing
magnetic fields, as one expects if Eq. (18) is valid.

The exciton energies E; ,(B) could be straight forwardly
calculated from Eq. (13), once &, ,(B) is known. For the
localized regime discussed above we provide in the Appen-
dix an analytic (approximated) solution to the problem posed
by the corresponding Eq. (17), which is useful for qualitative
and semiquantitative estimations of E; ,(B). For instance,
Eqgs. (A2) and (A3) provide two useful estimations of g, (the
L and B independent eigenvalues), and the number of bound
localized states, respectively. It is interesting to note that this
approximated analytical analysis always predicted the exis-
tence of a localized state. This is in agreement with the out-
put of the much elaborated numerical results. It is worth
mentioning that the naive application of the harmonic ap-
proximation does not work for the potential of Fig. 4. The
reason for that is that U.(A ) is extremely deep and narrow
(on the scale —m<Af#<m). In consequence, approximating
it by an harmonic term in the bottom region, results in such
a narrow parabolic potential that the ground-state energy of
the corresponding harmonic oscillator (zero-point energy) is
well above the “continuum” limit given by U, (Af=+1). In
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FIG. 5. Coulomb contribution to the ground-state energy, scaled
by R,/ a;, at zero magnetic field and rings of several sizes. From top
to bottom, R, — 0, R,=40 A, 98.7 A (ay), 600 A, and R, — .

other words, the harmonic approximation gives no bound-
states for the ground-state exciton for this structured ring,
while the exact calculation yields two bound-states.

We display in Fig. 5 the Coulomb contribution to the L
=0, n=1 radial polarized exciton energy at zero magnetic
field and for a set of structured rings of different sizes, scaled
by R,/a,. This contribution has been numerically evaluated
from the difference between the interacting and noninteract-
ing ground-state energies, for each ring. The top curve cor-
responds to the Coulomb perturbative correction of Eq. (9),
which could be rewritten as

R
E 1 E ( e
(eg?eh(B) (((j(fh(B)] ( _>

2ez/a3 [
=— K
7e(1 + R,/R,)

4R,/R,
(1+Ry/R,)*

]. (19)

Note that scaled this way the contributions for different R;s
all collapse to a single curve. For R, approaching R, from
above, the argument of the elliptic function tends to one and
has a logarithmic divergence.3’ The curve at the bottom cor-
responds to U,(A#=0), scaled with the same factor R,/aj,.
Similar to the contribution of Eq. (19), R,U.(A6=0)/ ag col-
lapses to a single curve for all values of Rs. In this case, for
R,/R,— 1, the divergence is of the type (R,—R,)~". The four
remaining intermediate curves, correspond from top to bot-
tom to R,=40 A, R,=a,, R,=300 A, and R,=600 A. They
have been obtained from the numerical results. The result of
Eq. (19) could be considered as giving the limiting value of
the Coulomb contribution in the WI regime of R,— 0. This
explains why the closest curve to this one corresponds to the
smallest considered rings, R,=40 A. In a similar venue, the
curve corresponding to U.(A6=0) could be considered as
providing the limiting value of the Coulomb contribution
when R,— o, i.e., well inside of the SI regime. In this ex-
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FIG. 6. Expectation value of A in the ground state at zero
magnetic field, for several ring sizes. The dots on the curves with
full lines correspond to the particular ring sizes presented in the
previous figures.

treme limit, the exciton behaves as a classical particle, its
energy given by the minimum of the Coulomb potential at
A6=0. This explains why the curves for increasing values of
R, progressively approach this limiting value.

As an accurate way of characterizing the radial polarized
excitons in structured rings we have also calculated the ex-
pectation value of A¢?, in the ground state of the system at
zero magnetic field. The results are presented in Fig. 6. In
general,

w

d(A6)(AG)"|h(AG)|?, (20)

((Ag)") = f

with h(A6) the ground state of H,,(A6). As a useful limit,
we can evaluate Eq. (20) using the noninteracting zero-field
ground-state eigenstate of Eq. (14), which fulfills the normal-
ization condition |2(A6)|*=1/2. Replacing this in Eq. (20),
we obtain

7Tn+1
2ma(n+1)

This yields (A6)=0 and (A6*)=7>/3. Consequently, we
have plotted (A#)/(7*/3) in Fig. 6, versus r. When the
value of this magnitude is close to 1 we can characterize the
ground state of the RPE as extended. Conversely, if
(A@)/(7?13)<1, the ground state is localized. The discrete
points on the curves correspond to the structured rings stud-
ied in this paper. The utility of this figure lies in the fact that
given an arbitrary ring, with the only information of its geo-
metrical dimensions, it is possible to obtain immediately a
qualitative characterization of its ground state as extended or
localized. It is interesting to note that for intermediate values
of r (r=0.5), structured rings with the same aspect ratio
R,/R,, could be either in the WI regime (R,=20 A), or in the
SI regime (R,=700 A). For small (r=0)or large (r=1) val-

(Ag) = [1-(1D"1]. 21
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ues of r, all rings are either in the WI or in the SI regime,
respectively.

It is also important to note that the larger the ring size (as
given by R,), the smaller should be the ratio R,/R), in order
to achieve the crossover from the SI regime to the WI re-
gime. This is the essential reason why we characterize SI
excitons as mainly corresponding to large size rings and WI
excitons as corresponding to small size rings.

IV. CONCLUSIONS

We provide an accurate description of the electronic prop-
erties of excitons in structured rings, concentrating mainly on
the exciton ground states, and their response to magnetic
fields applied perpendicular to the ring plane. Our numerical
method allows a straightforward and precise calculation of
ground-state energy magnitudes for any size of the ring,
magnetic field strength, and material value parameters.

We have found that the ground state of polarized excitons
can be well characterized in two extreme regimes: (i) The
weak interacting regime, where the electron and hole kinetic
energies are larger than the Coulomb interaction, and (ii) the
strong interacting regime, where the exciton ground-state
properties are dominated by the Coulomb electron-hole at-
traction.

For the weak interacting regime we have provided an ana-
lytical approximation. According to this, the weakly interact-
ing excitonic spectrum could be obtained by shifting rigidly
the noninteracting spectrum by a negative constant. The con-
stant depends only on the size of the structured rings, but is
state-independent. The ground-state exciton WI shows dis-
cernible Aharonov-Bohm oscillations with the magnetic
field. In this regime it has been predicted®® the alternate of
“bright” (L=0) and “dark” (L # 0) exciton ground-states as a
function of the magnetic field. However, for GaAs material
parameters, we have found that the rigorous inclusion of the
Coulomb interaction removes such effect, and once the
L=0 ground state crosses with the L=1 ground state, it does
not become again the ground state.

The ground state in the strong interacting regime depends
on the magnetic field only through the phase accumulated by
the c.m. angular coordinate, which represents the translation
as a whole of the polarized exciton. On the other side, the
relative angular coordinate, that describes the internal dy-
namics of the polarized exciton, remains essentially frozen
around zero. We have provided also an analytical approxima-
tion for this regime.

We have provided a kind of “phase-diagram” for polar-
ized excitons in GaAs nanorings (Fig. 6), which with the
only input of the ring geometrical aspect ratio allows an
immediate characterization of the corresponding exciton as
localized or extended. Both types of excitons have a very
different response under the application of perpendicular
magnetic fields.

We have found almost invariably, the simultaneous pres-
ence of localized and extended states. This is somewhat simi-
lar to the findings of Ref. 14, that have shown a similar
excitonic spectrum for the case of a ring with electric and
magnetic fields applied along and perpendicular to the ring
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plane, respectively, in absence of Coulomb interaction ef-
fects. The rotational and internal structure of the exciton,
however, are completely different. In the situation of Ref. 14,
the localized states are induced by the applied electric field,
that pushes and localizes the electron and hole to opposite
sides of the ring. Using our notation and terminology, this
kind of exciton has both, the rotational and internal degree of
freedom frozen, with 6, fixed by the electric field direction,
and |[A6| = 7. In our case, the localized states correspond to
a tightly bound electron-hole pair, whose relative coordinate
is essentially frozen at zero, but whose c.m. coordinate ro-
tates freely around the structured ring.

Note added in proof. After the submission we became
aware of a preprint of Dias Da Silva et al.?> on magneto-
excitons in quantum rings. They study interaction and radial
polarization effects on the excitonic absorption spectrum us-
ing the model of unidimensional concentric rings. For the
strong interacting regime our results are essentially analo-
gous to those of Ref. 25. We coincide that in this regime the
lowest optically active state is suppressed for certain
structure-dependent critical magnetic field values, whereas
the AB effect is manifested through magnetic-field oscillat-
ing excited states. However, in the weak-interacting regime
we have no evidence in our calculations of a magnetic-field
oscillating (bright-dark) ground-state. We believe that this
discrepancy is originated in the way they characterize the
different interacting regimes: They just take a value of the
dielectric constant larger by a factor of ten in the weak-
interacting regime. We also have some numerical discrepan-
cies with the results of Ref. 25, which we attribute to their
use of an approximate expression for the matrix elements of
the Coulomb electron-hole interaction.
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APPENDIX: ANALYTICAL APPROACH FOR THE
LOCALIZED REGIME

We provide in this Appendix an analytic (approximated)
solution to the problem posed by the corresponding Eq. (17),
which is useful for qualitative estimations of E; ,(B) in the
localized regime. That is, neglecting the dependence of
€,.,(B) on L and B; these approximated eigenvalues will be
denoted by &,. With this aim, we have found that U, (A#6) is
well approximated by

e 1 Vo
e |R,—R,| cosh(aA6)’

U.(AO) =V, (AO) =— (A1)

where Vy=e*(1/|R,~R,|-1/|R,+R,|)/e>0, and a is a di-
mensionless parameter to be determined later. The advantage
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of V.(A6) over U.(A6) is that its exact analytical solution is
known.?? The eigenvalues associated with the bound solu-
tions are given by

PH? ( 8,uV0>”2 2
= 1-2n+{1+ ,
&y Y, n o2h2

int

(A2)

while the eigenfunctions are given in terms of the hypergeo-
metric function.’? It should be noted that Eq. (A2) always
provided a bound state, corresponding to n=1. The number
of bound states is, however, finite and given by the condition
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1 8V, |2
nm‘”<5[1+<1+a2h2> .

In Eq. (A2), everything is known, except a. In our case, as
we have from our full diagonalization scheme the exact
value of &, we have adopted the criteria of choosing « such
that it reproduces exactly the numerical value of &, through
Eq. (A2). This produces the value a=5.458 for the structured
ring of Fig. 4, and the V.(A#) shown as a dashed line in the
right panel. This “optimum” choice of « is reflected in the

fact that U.(A6) and V.(A#) are identical right at the energy
where ¢, falls. We have checked, however, that the value of
€ is not sensitive to the precise value of & and that any other
reasonable criteria for its determination [least-square fitting
of U(A#), etc.], works as well as our optimum fitting.
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