
Physics Letters A 355 (2006) 348–351

www.elsevier.com/locate/pla

An exact solution for electrons in a time-dependent magnetic field
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Abstract

In this work we study the dynamics of electrons in presence of a uniform time-dependent magnetic field. An exact solution for the wave
function time evolution is obtained when the initial state is a superposition of Landau levels. For a given time dependence of the magnetic field,
the time-evolved wave function differs from the initial wave function by a dynamic phase factor.
© 2006 Elsevier B.V. All rights reserved.

PACS: 71.10.Ca; 71.70.Di; 03.65.-w

Keywords: Time-dependent problems; Quantum mechanics; Exact solution; Caustics
1. Introduction

The dynamics of electrons in magnetic fields has played a
fundamental role in physics and its application to technology in
a wide spectrum of topics, such as the Aharonov–Bohm effect
[1–4], the bidimensional electron gas at the interface of semi-
conductor heterostructures [5], cyclotron resonance [6], mag-
netoplasmon resonance [7], magnetoresistance [8], and electro-
magnetic lenses with time-dependent magnetic fields [9–12]. In
the case of time-dependent quantum systems it appears in ad-
dition the phenomenon of dynamic phases [13,14], illustrated
for example in Refs. [15,16] in the case of the time-dependent
harmonic oscillator. All these situations are interesting in them-
selves, and present rather complex mathematical structures;
therefore exact analytic solutions have been found only in a few
special cases.

In the present work, we study the dynamics of electrons
in the presence of a uniform time-dependent magnetic field,
and we find an exact solution for the corresponding propagator
of the Schrödinger equation. An analytical expression for the
time-evolved wave function is found when the initial state is a
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superposition of Landau levels; in particular it is shown that a
dynamical phase appears in the time evolution of the wave func-
tion as a consequence of the time-dependence of the magnetic
field.

2. Theoretical model

In this section we will develop the quantum mechanical for-
malism to describe the dynamics of electrons in a uniform
time-dependent magnetic field, B(t). Since the corresponding
Hamiltonian is time-dependent, energy will not be conserved
and there will not be an energy spectrum. Therefore, the prob-
lem must be approached by directly solving the time-dependent
Schrödinger equation:

(1)
1

2m

[
P + e

c
A

]2

Φ(r, t) = ih̄
∂

∂t
Φ(r, t),

where m is the electron mass, q = −e is the electron charge,
c is the speed of light and the vector potential is chosen to be
A = −r × B/2. The temporal evolution of the system from an
initial instant t0 to a final instant tf is given by

(2)Φ(rf , tf ) =
∫

d3ri G(rf , tf , ri , t0)Φ0(ri , t0),

where G(rf , tf , ri , t0) is the propagator and Φ0(ri , t0) is the
initial wave function. If the magnetic field has the form B(t) =
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B(t)ẑ, then the electron dynamics decomposes in a free mo-
tion in the z direction and a transversal evolution to be stud-
ied. Hence, the wave function may be written as Φ(r, t) =
ψ(r⊥, t)χ(z, t) where χ(z, t) is the wave function associated
to the free motion and ψ(r⊥, t) is the transversal wave func-
tion. The propagator can be cast in the form

(3)G(rf , tf , ri , t0) = g(zf , tf , zi, t0)G⊥(rf ⊥, tf , ri⊥, t0),

where g(zf , tf , zi, t0) is the free propagator in the z direction
[17]:

(4)

g(zf , tf , zi, t0) =
(

m

2πih̄(tf − t0)

)1/2

exp

{
im(zf − zi)

2

2h̄(tf − t0)

}

and where G⊥(rf ⊥, tf , ri⊥, t0) is the transversal propagator
[10]

G⊥(rf ⊥, tf , ri⊥, t0)

= m

2πih̄μ1(tf )
exp

[
im

2h̄μ1(tf )

[
μ̇1(tf )r2

f ⊥

(5)+ μ2(tf )r2
i⊥ − 2rf ⊥ · R

(
θ(tf , t0)

)
ri⊥

]]
,

where

(6)R
(
θ(t, t0)

) =
[

cos θ(t, t0) − sin θ(t, t0)

sin θ(t, t0) cos θ(t, t0)

]

with θ(t, t0) = ∫ t

t0
ω(t ′) dt ′; and where μ1,2(t) denote two

linear-independent solutions of the equation

(7)μ̈(t) + ω(t)2μ(t) = 0

with ω(t) = eB(t)/(2mc). It is convenient to choose μ1(t) hav-
ing dimensions of time and μ2(t) being dimensionless, and
to choose the initial conditions μ1(t0) = μ̇2(t0) = 0, μ2(t0) =
μ̇1(t0) = 1. When the magnetic field is periodic, Eq. (7) be-
comes the Hill equation. In general, the proprieties of the sys-
tem follow from the behavior of the solutions of Eq. (7).

In what follows we will analyze the temporal evolution of
the transversal wave function. For this purpose we suppose that
for t < t0 the magnetic field is static and of magnitude B0. The
electron wave function at t = t0 can be expressed as a superpo-
sition of Landau states:

(8a)ψ0(r⊥, t0) =
∑
n

Cnψn(r⊥, t0),

where the Cn are constants and

(8b)ψn(r⊥, t0) =
(

1√
2π

)
Rn(r) exp(inφ),

where r , φ are the polar coordinates of r⊥. The radial function
Rn(r) is a solution of the equation [18]:

(9)

(
d2

dr2
+ 1

r

d

dr
+

(
β − 2nγ − n2

r2
− γ 2r2

))
Rn(r) = 0

with β = −k2
z + 2mE/h̄2 and γ = eB0/2ch̄. The normalizabil-

ity of the wave function requires n + |n| + 1 − β/2γ = −2ζ ,
where ζ is a positive integer. The transversal temporal evolution
is then described by

ψn(rf ⊥, tf )

(10)

= m

2πiμ1(tf )h̄
exp

(
i
mμ̇1(tf )

2h̄μ1(tf )
r2
f ⊥

)
ηn(rf ⊥, tf , ri⊥, t0),

where use has been made of Eq. (5) and where

ηn(rf ⊥, tf , ri⊥, t0)

=
∞∫

0

dri ri exp
[
iA(tf )r2

i

]
Rn(ri)

(11)

×
2π∫

0

dφi exp
[
inφi − iK(tf )ri cos

(
φi − φf + θ(tf , t0)

)]

with

(12)A(tf ) = mμ2(tf )/
(
2h̄μ1(tf )

)
and

(13)K(tf ) = [
m/

(
h̄μ1(tf )

)]
rf .

The angular integral in Eq. (11) is of the form:

I =
2π∫

0

dφi exp
[
inφi − iK(tf )ri cos(φi − ϕ)

]

(14)

= exp(inπ/2 + inϕ)

3π/2∫
−π/2

exp
[
i
(
nα + K(tf )ri sinα

)]
dα,

where ϕ = φf − θ(tf , t0). Therefore, using the integral repre-
sentation of the Bessel function [19]:

(15)Jn(ξ) = 1

2π

2π+a∫
a

exp
[
i(nx − ξ sinx)

]
dx,

Eq. (14) can be written as

(16)
I = 2π(−1)n exp

(
inπ/2 + inφf − inθ(tf , t0)

)
Jn

(
K(tf )ri

)
.

Thus, we finally obtain for Eq. (11) the following expression

ηn(rf ⊥, tf , ri⊥, t0)

(17)= sn(tf )

∞∫
0

dri ri exp
[
iA(tf )r2

i

]
Rn(ri)Jn

(
K(tf )ri

)
,

where

(18)sn(tf ) = √
2π(−1)n exp

(
in

(
π/2 + φf − θ(tf , t0)

))
.

Since the Hankel transform of order n is defined as [19]:

(19)Fn

[
g(r)

] =
∞∫

0

dr rg(r)Jn(kr)
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we can cast Eq. (10) in the form:

ψn(rf ⊥, tf )

= m√
2πih̄μ1(tf )

exp

(
i
mμ̇1(tf )r2

f ⊥
2h̄μ1(tf )

)

(20)× (−1)n exp
(
in

(
φf − θ(tf , t0) + π/2

))
Fn

[
g(ri)

]
,

where g(ri) is given by

(21)g(ri) = exp
(
i
(
mμ2(tf )/2h̄μ1(tf )

)
r2
i

)
Rn(ri)

and where the k value that must be used in the Hankel transform
of Eq. (19) is the quantity K(tf ) defined by Eq. (13); its sign
therefore is the same as the sign of μ1(tf ). Eq. (20) describes
the temporal evolution of the transversal motion in a uniform
magnetic field that has an arbitrary time-dependence for t > t0.

Let us now determine an explicit form of the time-evolved
transversal wave function when the initial state is a Landau state
of a particle in a static magnetic field B0. Since the solution of
Eq. (9) can be expressed by [18]:

(22)Rn(r) = γ |n/2|r |n| exp
(−γ r2/2

)∑
l

an,lr
l,

where an,l are the coefficients in the series expansion of the
generalized Laguerre functions, our problem is reduced to the
calculation of the Hankel transform of functions of the form
exp(−ξr2)rs , where ξ is a complex variable. The result is:

Fn

[
exp

(−ξr2)rs
]

= �((2 + n + s)/2)

2n+1n! ξ−(2+n+s)/2kn

(23)× 1F1
(
(2 + n + s)/2,1 + n,−k2/4ξ

)
,

where �(x) is the gamma function, 1F1(a, b, c) is the confluent
hypergeometric function and in our case k = K(tf ), ξ = γ −
iA(tf ) and s = |n| + l. The expressions given above depend on
the restriction Re[ξ ] > 0. From Eqs. (17), (19), and (23), we
finally obtain:

ψn(rf ⊥, tf )

= me
(imμ̇1(tf )/2h̄μ1(tf ))r2

f ⊥

2πih̄μ1(tf )

×
∑

l

an,lsn(tf )
γ |n|/2�((2 + n + |n| + l)/2)K(tf )|n|

2n+1|n|!(γ − iA(tf ))(2+n+|n|+l)/2

× 1F1
((

2 + n + |n| + l
)
/2,1 + |n|,

(24)−K(tf )2/
(
4
(
γ − iA(tf )

)))
.

Eq. (24) is the general expression for the time-evolved transver-
sal wave function.

3. Caustics

In this section we will consider the case in which the mag-
netic field B(t) is such that there exists a particular instant
tf = t0

f at which μ1(t
0
f ) = 0. Under this condition, Eq. (5) for

the propagator presents a singularity, and a more careful analy-
sis must be performed.
From the theory of ordinary differential equations we
know that the Wronskian of the solutions of Eq. (7), W =
μ1(t)μ̇2(t) − μ2(t)μ̇1(t), takes a constant value. By using the
initial conditions for μ1(t) and μ2(t) it follows that at tf = t0

f

the functions μ1(t) and μ2(t) satisfy μ̇1(t
0
f )μ2(t

0
f ) = 1. For

tf close to t0
f we can approximate μ1(tf ) by the first nonva-

nishing term in its Taylor series expansion around t0
f , that is

μ1(tf ) ≈ tf − t0
f . Then, by using a standard representation of

the Dirac delta function(
m

2πih̄(tf − t0
f )

)
exp

[
im(rf ⊥ − ri⊥)2

2h̄(tf − t0
f )

]
→ δ(rf ⊥ − ri⊥)

(25)as tf → t0
f ,

we obtain the following expression for the limiting value of the
transversal propagator when tf → t0

f

G⊥
(
rf ⊥, t0

f , ri⊥, t0
)

= μ2
(
t0
f

)
exp

{
i
mμ̇2(t

0
f )μ2(t

0
f )r2

i⊥
2h̄

}

(26)× δ
[
rf ⊥ − μ2

(
t0
f

)
R

(
θ
(
t0
f , t0

))
ri⊥

]
.

That is, if the wave function at the initial time is highly localized
around ri⊥, the wave function evolves to a final state that at time
t0
f is also highly localized around the point obtained from ri⊥

by a rotation in the angle θ(t0
f , t0) and a scaling factor μ2(t

0
f ).

The evolution of the transversal wave function is therefore:

ψ
(
rf ⊥, t0

f

) = sgn
[
μ2

(
t0
f

)]
exp

{
i
mμ̇2(t

0
f )r2

f ⊥
2h̄μ2(t

0
f )

}

(27)× ψ0

(
1

μ2(t
0
f )

R
(−θ

(
t0
f , t0

))
rf ⊥

)
,

showing that in the time evolution of the transversal wave func-
tion, an explicit time-dependent phase factor appears. Further-
more, if μ2(t

0
f ) remains bounded for all t in the range [t0, t0

f ]
the resulting wave function will experience a finite deformation
at these times, implying that the electron will remain localized.

Writing the final transverse position vector in phasorial lan-

guage, rf ⊥
∧= rf exp{iφf }, we obtain

ψn

(
r⊥f , t0

f

) = sgn
[
μ2

(
t0
f

)]
exp

{
i
mμ̇2(t

0
f )r2

f ⊥
2h̄μ2(t

0
f )

}

(28)× Rn

(
rf

μ2(t
0
f )

)
exp

(
in

(
φf − θ

(
t0
f , t0

)))
.

If in addition we have μ2(t
0
f ) ≡ 1 and θ(t0

f , t0) = 0, Eq. (28) is
reduced to

(29)ψn

(
r⊥f , t0

f

) = exp
{
imμ̇2

(
t0
f

)
r2⊥/2h̄

}
ψ0

(
r⊥, t0

f

)
.

Eq. (29) shows that in this case the time-evolved wave function
differs from the initial wave function only in a phase factor. Our
analysis does not depend on an adiabatic hypothesis, since the
time-dependence of the magnetic field is arbitrary.
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It is known in one-dimensional systems that a consequence
of the time-dependence in the parameters is the existence of
caustics (see for instance Ref. [20] for the case of the 1D har-
monic oscillator). Our work shows how this behavior appears
in the two-dimensional case as a consequence of the time-
dependence of the magnetic field.

4. Conclusions

The dynamics of electrons in a uniform time-dependent
magnetic field has been analyzed. An exact analytical solution
for the time-evolved wave function has been obtained when the
initial state corresponds to a superposition of Landau levels,
and the dynamical phase factor that appears due to the time-
dependence of the magnetic field has been explicitly derived,
showing the existence of caustics in this two-dimensional case.
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